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CHAPTER

FIVE

B0
s → J/ψ φ Formalism

In Chap. 1 the general time-dependent decay equations for neutral B mesons were derived.
However, the analysis of B0

s → J/ψ(µ+µ−)φ(K+K−) decays involves an additional com-
plication due to the fact that the final state can have contributions from different CP eigen-
values. These contributions from different CP eigenstates are statistically disentangled by
performing an angular analysis of the final state particles K+K− and µ+µ− in terms of
polarization amplitudes. In this chapter the angular and time dependence of the differential
decay rate for B0

s → J/ψ φ decays in terms of these polarization amplitudes is derived.

5.1 CP Eigenstates
The state |J/ψ φ〉 is a CP eigenstate with eigenvalues ηf = ±1, depending on the angular
momentum L of the two vector mesons:

CP|J/ψ φ〉 = ηf |J/ψ φ〉 = (−1)L|J/ψ φ〉 . (5.1)

The decaying B0
s meson is spinless and thus has total angular momentum J = 0. Conser-

vation of angular momentum imposes that the total angular momentum J of the final state
must also be zero. J is equal to the sum of the spin S and the orbital angular momentum L:
J = L+ S. The |J/ψ φ〉 state consists of two vector mesons, each with intrinsic spin equal
to 1. This implies that both vector mesons have spin projections Sz ∈ {−1, 0, 1}. Adding
the spins of the two vector mesons yields the total spin of the |J/ψ φ〉 state: S ∈ {0, 1, 2}.
In order to preserve total angular momentum J = 0, the spin S must be compensated by
the orbital angular momentum L which will therefore have values L ∈ {0, 1, 2}, such that
L+ S = 0.

The different orbital angular-momentum states change the CP eigenvalues for the |J/ψ φ〉
state: the L = 0 and L = 2 final states are CP-even, whereas the L = 1 state is CP-odd. It
turns out, as will be shown later, that the CP-even and CP-odd eigenstates contribute to the
CP asymmetry (from which the parameter φs is determined) with opposite sign. Therefore
the CP-even and odd components have to be disentangled in order to measure φs.
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76 5.2 The Transversity Framework

The statistical separation between CP-even and CP-odd states is achieved by calculating
their relative magnitudes as a function of the observed angular distributions. Two frame-
works are commonly used to disentangle CP-even and CP-odd amplitudes. In the helicity
framework, spins of stable particles are projected on the momentum direction of the reso-
nant vector mesons and decay amplitudes are decomposed in terms of helicity amplitudes.
On the other hand, in the transversity framework, linear polarization amplitudes are used to
decompose decay amplitudes.

The conversion from the helicity framework to the transversity framework is closely related
to photon helicity and photon polarization, where a photon beam with helicity±1 is said to be
transversely polarized. In this thesis the transversity framework is adopted, unless specifically
stated otherwise. The transversity framework has an associated coordinate system and decay
angle definition that will be discussed now.

5.2 The Transversity Framework
A schematic drawing of the coordinate system associated with the transversity framework is
shown in Fig. 5.1. In the rest frame of the J/ψ meson, the K+K− decay plane defines the
xy-plane. The x-axis is defined as the direction of the momentum vector of the φ meson
in the J/ψ meson rest frame. The y-axis is defined such that py(K+) > 0, and finally the
z-axis (also called the transversity axis, since it is transverse to the K+K− decay plane)
completes the right-handed transversity coordinate system.

The angular distribution of B0
s → J/ψ φ decays is described by three decay angles in this

coordinate system. The angle ψtr is the angle of the K+ candidate with the x-axis in the
φ meson rest frame. The remaining two angles are defined as the spherical coordinates of
the µ+ in a right-handed system in the J/ψ rest frame. The polar angle and the azimuthal
angle are referred to as θtr and φtr respectively. In the remainder of this thesis the subscript
’tr’ will be dropped and the decay angles in the transversity frame will be referred to as ψ,
θ and φ.

z

x

y

ψtr

K+

K−

B0
sK+K− µ+µ−

θtr µ+

µ− φtr

Figure 5.1: Definition of the transversity frame. In the middle, the rest frame of the B0
s

is shown. The frames on the left and the right are the center of mass systems of the two
kaons and the two muons, respectively.

Conventionally, the angular distributions of the final state are derived in the helicity
framework, after which a transformation to the transversity framework is applied, since
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Chapter 5. B0
s → J/ψ φ Formalism 77

the total decay amplitude of B0
s → J/ψ φ decays is usually decomposed in transversity

amplitudes. In this thesis, a different approach is used. It turns out that the B0
s → J/ψ φ

decay rate in the transversity framework can be written in the following elegant way:

d4Γ
dtd cosψ d cos θ dφ =

6∑
i

Ti(t)fi(cosψ, cos θ, φ) = | ~A(t)× n̂|2 , (5.2)

where the Ti(t) are time-dependent functions and the fi(cosψ, cos θ, φ) are angular-dependent
functions. In the following sections, Eq. 5.2 is derived in the transversity framework, as well
as the vectors ~A(t) and n̂.

5.3 Angular Distributions

In the transversity framework, instead of using the orbital angular momentum eigenstates
with L = {0, 1, 2} as a basis, decay amplitudes are decomposed using three independent lin-
ear polarization states of the vector mesons. The polarization vectors are either longitudinal
(labelled by 0) or transverse to the direction of motion of the vector mesons. In the latter
case, the polarization vectors are either parallel (labelled by ‖) or perpendicular (⊥) to each
other. The different polarization configurations are shown in Fig. 5.2.

z

y

x

J/ψ

φ

A0
A‖ A⊥

Figure 5.2: Polarization configurations in the transversity basis, with the transversity axes
indicated by the coordinate system on the left. The arrows originating from the vertices are
the momentum vectors of the vector mesons in the B0

s rest frame, whereas the arrows drawn
at the tip of the momentum vectors indicate the possible directions of the linear polarization
vectors.

The B0
s → J/ψ φ decay is a decay to two vector mesons (both the J/ψ meson and the φ

meson are spin-1 particles). Both (outgoing) vector mesons have an associated polarization
four-vector ε∗µ. The most general Lorentz-invariant decomposition of an amplitude A(B →
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78 5.3 Angular Distributions

V1 V2), where V1 and V2 have momenta p1 and p2 and masses m1 and m2 is1 [43, 44]:

A(B → V1 V2) = ε∗1,µ(~p1)ε∗2,ν(~p2)
[
agµν + b

m1m2
pµ2p

ν
1 + i

c

m1m2
εµναβp1,αp2,β

]
.

(5.3)
The V1 meson is identified with the J/ψ meson and the V2 meson is identified with the φ
meson. In the rest frame of the J/ψ meson, pνJ/ψ = (mJ/ψ,~0)ν and ε∗J/ψ,µ = (0,~ε ∗J/ψ)µ
and the amplitude becomes

A(B → J/ψ φ) = ε∗J/ψ,µ(~0)ε∗φ,ν(~pφ)
[
agµν + b

mφ
pµφδ

ν
0 + i

c

mφ
εµν0βpφ,β

]
. (5.4)

Let p̂φ be the unit vector in the direction of motion of the φ in the J/ψ rest frame,
coinciding with the x-axis in the transversity framework by definition. In the J/ψ rest frame,
the polarization vector of the J/ψ meson is decomposed in a component along p̂φ and a
component transverse to p̂φ:

ε∗J/ψ,µ(~0) = (0, ε∗LJ/ψ p̂φ + ~ε ∗TJ/ψ) , (5.5)

where ε∗LJ/ψ ≡ p̂φ · ~ε ∗J/ψ. In the rest frame of the φ meson, accordingly, the polarization
vector of the φ meson is

ε∗φ,µ(~0) = (0, ε∗Lφ p̂φ + ~ε ∗Tφ ) . (5.6)

Boosting the polarization vector of the φ meson back to the J/ψ rest frame, one obtains2

ε∗φ,µ(~0) = (0, ε∗Lφ p̂φ + ~ε ∗Tφ )→ ε∗φ,µ(~pφ) =
(
|~pφ|
mφ

ε∗Lφ ,
ωφ(~pφ)
mφ

ε∗Lφ p̂φ + ~εφ
∗T
)

. (5.7)

Using the expression for the polarization vector of the J/ψ meson in the J/ψ mass frame
(Eq. 5.5) and the expression for the boosted polarization vector of the φ meson in the J/ψ
rest frame (Eq. 5.7), Eq. 5.4 can be written as3 [45, 46]:

A(t) = −a(~ε ∗TJ/ψ · ~ε ∗Tφ )− aωφ(~pφ)
mφ

(~ε ∗LJ/ψ~ε ∗Lφ )

−b |~pφ|
2

m2
φ

(~ε ∗LJ/ψ~ε ∗Lφ )− ic |~pφ|
mφ

(~ε ∗TJ/ψ × ~ε ∗Tφ ) · p̂φ

= A0(t)ε∗LJ/ψε∗Lφ −
1√
2
A||(t)~ε ∗TJ/ψ · ~ε ∗Tφ − i 1√

2
A⊥(t)(~ε ∗TJ/ψ × ~ε ∗Tφ ) · p̂φ .(5.8)

The last identity mathematically shows what was depicted in Fig. 5.2: A0 is associated with
the longitudinal components of the two polarization vectors (i.e. aligned in the x-direction),

1The most general expression can loosely be written as (ignoring proportionality factors in front of
each term) ε∗1,µε∗2,νp1,αp2,β [gαβgµν + gαµgβν + gανgβµ + εµναβ ]. The second term, proportional to
ε∗1,µε

∗
2,νp

µ
1 p
ν
2 , disappears, because of the restriction εµpµ = 0 for vector fields.

2For a boost of a general four-vector aµ = (0,~a) by β = −~p/ω(~p), where ω(~p) is the energy and
γ = ω(~p)/m, the component aL = p̂ · ~a that is longitudinal to p̂ is boosted to

( |~p|
m
aL,

ω(~p)
m

aLp̂
)
, whereas

the transverse component is unaffected by the boost.
3Using the metric gµν = diag(1,−1,−1,−1).
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Chapter 5. B0
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A‖ is associated with the dot product of the transverse components (i.e. purely A‖ if the two
transverse components are aligned) and finally, A⊥ is associated with the cross product of the
transverse components (i.e. purely A⊥ if the two transverse components are perpendicular
to each other).

The so-called transversity amplitudes A0, A‖ and A⊥ are related to a, b and c as follows:

A0 = −aωφ(~pφ)
mφ

− b |~pφ|
2

m2
φ

(5.9)

A‖ = a
√

2 (5.10)

A⊥ = c
√

2 |~pφ|
mφ

. (5.11)

Notice that, by counting powers of p̂φ in Eq. 5.8, it follows that A0 and A‖ are CP-even,
whereas A⊥ is the CP-odd polarization amplitude, since p̂φ changes sign under the parity
transformation.

Until now, only the decay B0
s → J/ψ φ was considered. However, also the subsequent

decays φ → K+K− and J/ψ → µ+µ− should be taken into account. When considering
the former, the φ meson couples to K+K− through an amplitude A(φ→K+K−) ∝ εφ(pK+−
pK−)4. In the rest frame of the φmeson, this becomes A(φ→K+K−) ∝ 2~εφ·~pK+ , where it was
used that the two kaons are back-to-back (~pK− = −~pK+) and, as before, εφ,µ(~0) = (0,~εφ)µ.

Since the two kaons are spinless, spin conservation requires that the spin of the φ meson
is compensated by orbital angular momentum of the two kaons perpendicular to the decay
plane, indicating that the linear polarization vector of the φ meson must lie in the xy-plane.
Again, when decomposing ~εφ in a component along and perpendicular to ~pφ, the amplitude
becomes

A(φ→K+K−) ∝ 2~εφ · ~pK+ = 2(εLφ , εTφ , 0) · (|~pK+ | cosψ, |~pK+ | sinψ, 0)
∝ εLφ cosψ + εTφ sinψ . (5.12)

Thus, by writing

~εLφ = (cosψ, 0, 0)
~εTφ = (0, sinψ, 0) , (5.13)

the angular dependence arising from the coupling of the φ meson to the K+K− system is
taken into account.

For the J/ψ meson, in its rest frame, each transversity amplitude has a single linear
polarization state:

A0 : ~εJ/ψ = (1, 0, 0) = x̂

A‖ : ~εJ/ψ = (0, 1, 0) = ŷ

A⊥ : ~εJ/ψ = (0, 0, 1) = ẑ . (5.14)
4In general, the amplitude takes the form A = Aµεµ = [f(pK+ + pK− )µ + g(pK+ − pK− )µ]εµ,

with arbitrary f and g, but from the vector field constraint, (pK+ + pK− )µεµ = Pµεµ = 0 (where
Pµ = (pK+ + pK− )µ is the four momentum of the φ meson), and therefore A ∝ εφ(pK+ − pK− ).
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80 5.3 Angular Distributions

In other words:

~εLJ/ψ = (1, 0, 0)

~εTJ/ψ = (0, 1, 1) . (5.15)

Using Eq. 5.13 and Eq. 5.15 the total decay amplitude in Eq. 5.8 simplifies to

A(t) = A0(t) cosψ − 1√
2
A||(t) sinψ + i

1√
2
A⊥(t) sinψ . (5.16)

Since Eq. 5.15 associates the x, y and z direction with the polarizations 0, ‖ and ⊥,
respectively, Eq. 5.16 can also be written as a vector:

~A(t) =
(
A0(t) cosψ,− 1√

2
A‖(t) sinψ, i√

2
A⊥(t) sinψ

)
. (5.17)

Now the coupling of the J/ψ meson to the µ+µ− final state must be considered. In
general, the total decay rate is written as

d4ΓB0
s→J/ψ φ

dtd cosψ d cos θ dφ ≡ d4Γ
dt d~Ω

∝
∑
r,s

A†i (t)[u(s)γiv(r)]†Aj(t)[u(s)γjv(r)] ,(5.18)

where ~Ω is a shorthand notation for (cosψ, cos θ, φ) and [u(s)γiv(r)] is the Dirac fermion
current representing the muons, with s and r the muon spins. The indices i and j indicate
spatial components, and thus the Ai are the components of the polarization amplitude vector
in Eq. 5.17.

The direction of the µ+ in the J/ψ rest frame is defined as (see Fig. 5.1)

n̂ = (sin θ cosφ, sin θ sinφ, cos θ) . (5.19)

The sum over the muon spins in Eq. 5.18, in the zero muon-mass limit, gives rise to a tensor
with spatial components Lij5:∑

r,s

[u(s)γiv(r)]†[u(s)γjv(r)] ∝ Lij ≡ δij − ninj , (5.20)

5In the zero muon-mass limit,
∑

r,s
[u(s)γiv(r)]†[u(s)γjv(r)] = k1

αk
2
βtr(γµγνγαγβ)δiµδjν , with k1,2

µ

the muon momenta. In the J/ψ mass frame, defining ~k1 = n̂|~k| and ~k2 = −n̂|~k|, this reduces to

k1
αk

2
βtr(γµγνγαγβ)δiµδjν = 4

(
k1
i k

2
j − (k1

µk
2,µ)(−δij)− k1

i k
2
j

)
= −4|~k|2

(
−2ninj +

(k1
µk

2,µ)

|~k|2
δij

)
.

Finally, using k1
µk

2,µ = ω(k1)ω(k2)− |~k|2(−n̂ · n̂) = 2|~k|2, it is found that [47]∑
r,s

[u(s)γiv(r)]†[u(s)γjv(r)] ∝ δij − ninj .
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Chapter 5. B0
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Ti(t)fi(~Ω)
i time-dependent product of po-

larization amplitudes, Ti(t)
angular distribution, fi(~Ω)

1 |A0(t)|2 cos2 ψ(1− sin2 θ cos2 φ)
2 |A‖(t)|2 1

2 sin2 ψ(1− sin2 θ sin2 φ)
3 |A⊥(t)|2 1

2 sin2 ψ sin2 θ
4 Re(A∗0(t)A‖(t)) 1

2
√

2 sin(2ψ) sin2 θ sin(2φ)
5 Im(A∗0(t)A⊥(t)) 1

2
√

2 sin(2ψ) sin(2θ) cosφ
6 Im(A∗‖(t)A⊥(t)) − 1

2 sin2 ψ sin(2θ) sinφ

Table 5.1: Tabular representation of the six terms (i = 1, ..., 6) in the B0
s → J/ψ φ signal

PDF | ~A(t) × n̂|2, showing their angular dependence fi(~Ω). The expression for the signal
PDF is found by multiplying the entries in one row: Ti(t)fi(~Ω), and summing all the rows.

and Eq. 5.18 becomes

d4Γ
dtd~Ω

∝ Ai(t)Aj(t)∗Lij = | ~A(t)× n̂|2 . (5.21)

The B0
s → J/ψ φ differential decay rate results in the sum of six terms:

d4Γ
dtd~Ω

∝ | ~A(t)× n̂|2 =
6∑
i

Ti(t)fi(~Ω) , (5.22)

which are summarized in Table 5.1. From now on, this object is referred to as the B0
s →

J/ψ φ signal probability distribution function (PDF) or simply signal PDF6.
For completeness, the expressions for the charge conjugate B0

s → J/ψ φ decays are
written as

~A(t) = (A0(t) cosψ,−
A||(t)√

2
sinψ, iA⊥(t)√

2
sinψ) , (5.23)

and
d4Γ

dtd~Ω
= |~A(t)× n̂|2 =

6∑
i

T i(t)fi(~Ω) . (5.24)

5.4 Time Dependence
In the previous section, the angular dependence of the differential decay rates has been
derived. In this section, the time dependence of the Ai(t) will be derived.

6Strictly speaking, the differential decay rate is not a PDF, because it needs to be normalized by the total
decay rate. Proper normalization of the PDF is implicitly assumed here and is addressed in Sec. 5.6.
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82 5.4 Time Dependence

The time dependence of the polarization amplitudes is obtained by rewriting the general
time dependence of a B mixing decay amplitude, starting from Eq. 1.44:

Af (t) = Af (0)[g+(t) + λfg−(t)] , (5.25)

where
λJ/ψ φ = q

p

AJ/ψ φ

AJ/ψ φ
≡ ηJ/ψ φλ . (5.26)

The appearance of the CP eigenvalue ηJ/ψ φ of the final state will be explained in Sec. 5.7
when λJ/ψ φ is explicitly calculated. In the following, the CP eigenvalue ηJ/ψ φ = ±1 is
chosen to be absorbed in the time dependence of the PDF.

There are three different quantities λi, corresponding to the three different polarization
amplitudes Ai, with i ∈ {0, ‖,⊥}. Their CP eigenvalues ηi are given by

ηi =
{

+1 if i = 0, ‖
−1 if i =⊥ . (5.27)

The three λi are assumed to be the same. In particular, all three magnitudes |λi| are assumed
to be equal, which implies that there is either no, or equal amounts of CP violation in decay
for all three amplitudes. In other words, all three values for |Ai/Ai| are assumed to be equal.
This still allows for CP violation in mixing (|q/p| 6= 1), but all three |λi| would be affected
in the same way. From here onwards, the λi are generically referred to as λ:

λJ/ψ φ = ηiλi → ηiλ . (5.28)

Using the identities for S, D and C defined in Eq. 1.48, λ is rewritten in terms of S, D
and C:

D(λ) ≡ 2Reλ
1 + |λ|2 , S(λ) ≡ 2Imλ

1 + |λ|2 , C(λ) ≡ 1− |λ|2

1 + |λ|2 . (5.29)

From these definitions, it follows that D2 + S2 = 1− C2 and

λ = D + iS

1 + C
,

1
λ

= D − iS
1− C , |λ|2 = 1− C

1 + C
. (5.30)

The decay amplitudes (see Eq. 5.25) then become

Ai(t) = [g+(t) + ηiλg−(t)] ai (5.31)

=
[
g+(t) + ηi

D + iS

1 + C
g−(t)

]
ai (5.32)

Ai(t) =
[
g+(t) + 1

ηiλ
g−(t)

]
ηiai (5.33)

=
[
ηig+(t) + D − iS

1− C g−(t)
]
ai , (5.34)

where ai ≡ Ai(t = 0) and thus ai = ηiai. The functions g±(t) were defined in Eq. 1.25,
from which the following identities were found:

|g±(t)|2 = e−Γst

2

[
cosh

(
∆Γst

2

)
± cos (∆mst)

]
(5.35)
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Chapter 5. B0
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and
g+(t)∗g−(t) = e−Γst

2

[
− sinh

(
∆Γst

2

)
+ i sin (∆mst)

]
. (5.36)

The decay amplitudes are written in a more symmetrical way as follows:

Ai(t) = 1
1 + C

[(1 + C)g+(t) + ηi(D + iS)g−(t)] ai (5.37)

Ai(t) = 1
1− C [(1− C)g+(t) + ηi(D − iS)g−(t)] ηiai . (5.38)

In this representation the differences in time dependence between B0
s decays and B0

s decays
are clear: depending on whether the produced meson is a B0

s meson or a B0
s meson, the

following substitutions are made:

B0
s ↔ B0

s ⇔ (S ↔ −S, C ↔ −C, a⊥ ↔ −a⊥) . (5.39)

These substitutions are written even more compactly when defining the flavour tag ob-
servable qT = ±1 (+1 for a produced B0

s meson, -1 for a produced B0
s meson). In LHCb,

this flavour tag is assigned with a certain probability by so-called tagging algorithms. With
this variable, the substitutions to obtain the time dependence of B0

s decays from the time
dependence of B0

s decays are

(S,C, a⊥)→ (qTS, qTC, qTa⊥) with qT =
{

+1 if tagged asB0
s

−1 if tagged asB0
s .

(5.40)

It is observed from Table 5.1 that the time-dependent decay-rate functions Ti(t) all consist
of products of decay amplitudes. Considering the case qT = 1 and thus using Eq. 5.37, these
products of decay amplitudes take the following form:

A∗i (t)Aj(t) = a∗i aj
1+C

[
(1 + C)|g+(t)|2 + ηiηj(1− C)|g−(t)|2

+ηj(D + iS)g∗+g− + ηi(D − iS)g+g
∗
−

]
(5.41)

= a∗i aje
−Γst

1+C

[(
1 + ηiηj

2 + 1− ηiηj
2 C

)
cosh

(
∆Γst

2

)
+
(

1− ηiηj
2 + 1 + ηiηj

2 C

)
cos(∆mst)

+
(
−ηi + ηj

2 D + ηi − ηj
2 iS

)
sinh

(
∆Γst

2

)
+
(
−ηi + ηj

2 S − ηi − ηj
2 iD

)
sin(∆mst)

]
. (5.42)

The resulting expressions for the time-dependence of the six terms Ti(t) in the signal PDF,
after substituting Eq. 5.40, are summarized in Table 5.2.
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84 5.5 S-Wave Contribution

Ti(t) = Fi
(
ai cosh

(∆Γst
2
)

+ bi cos(∆mst)
+ci sinh

(∆Γst
2
)

+ di sin(∆mst)
)

i Ti(t) Fi ai bi ci di

1 |A0(t)|2 |a0|2e−Γst

1+qTC 1 qT C −D −qT S
2 |A‖(t)|2

|a‖|2e−Γst

1+qTC 1 qT C −D −qT S
3 |A⊥(t)|2 |a⊥|2e−Γst

1+qTC 1 qT C D qT S

4 Re(A∗0(t)A‖(t))
Re(a∗0a‖)e

−Γst

1+qTC 1 qT C −D −qT S
Im(a∗0a‖)e

−Γst

1+qTC 0 0 0 0
5 Im(A∗0(t)A⊥(t)) Re(a∗0a⊥)e−Γst

1+qTC 0 0 S −qT D
Im(a∗0a⊥)e−Γst

1+qTC C qT 0 0

6 Im(A∗‖(t)A⊥(t)) Re(a∗‖a⊥)e−Γst

1+qTC 0 0 S −qT D
Im(a∗‖a⊥)e−Γst

1+qTC C qT 0 0

Table 5.2: Tabular representation of the time dependence of the six combinations of polar-
ization amplitudes in the signal PDF. For every i, the time dependence is found by multiplying
the factor F in the third column with the sum of four terms, as indicated in the top row.
Since the product of two time dependent polarization amplitudes is itself an imaginary object,
the three interference terms split in the sum of a real and an imaginary part.

5.5 S-Wave Contribution
The spinless kaons in the K+K− system in B0

s → J/ψ φ decays must necessarily be in an
L = 1 state to conserve total angular momentum in the decay of the φ vector meson. This
L = 1 state is also called a P-wave, following the nomenclature from atomic orbitals.

In addition to the P-wave, there might be a contribution from B0
s → J/ψK+K− decays,

where the invariant mass of the K+K− system is in the vicinity of the φ meson mass. In this
case, the non-resonant, spinless kaons in the K+K− system can be in an L = 0 state, which
is referred to as an S-wave. This S-wave contribution to B0

s → J/ψ φ decays might also
arise from B0

s → J/ψ f0(K+K−) decays, since the f0 meson is a scalar meson leading to
an S-wave K+K− system. The B0

s → J/ψ f0 final state is a CP eigenstate with eigenvalue
equal to -1. This implies that no angular analysis is needed to measure φs in this decay.
Although this decay has a smaller branching fraction compared to B0

s → J/ψ φ decays, it is
also used to measure φs [48, 49].

The angular and time dependence of a possible S-wave contribution to B0
s → J/ψ φ

decays is obtained in a similar way as the P-wave contribution. The J/ψK+K− final state
is CP-odd:

CP|J/ψK+K−〉 = η(J/ψ)× η(K+K−)× (−1)LK+K− × (−1)LJ/ψKK

= (1)× (1)× (−1)0 × (−1)1

= −1 . (5.43)
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Ti(t)fi(~Ω)
i time-dependent product of po-

larization amplitudes, Ti(t)
angular distribution, fi(~Ω)

7 |AS(t)|2 1
3 (1− sin2 θ cos2 φ)

8 Re(A0(t)∗AS(t)) 2
3
√

3 cosψ(1− sin2 θ cos2 φ)
9 Re(A‖(t)∗AS(t)) 1

6
√

6 sinψ sin2 θ sin(2φ)
10 Im(A⊥(t)∗AS(t)) − 1

6
√

6 sinψ sin(2θ) cosφ

Table 5.3: Tabular representation of the four terms (i = 7, 8, 9, 10) in the signal PDF
related to the S-wave component, showing their angular dependence fi(~Ω). The four terms
are found by multiplying the entries in every row: Ti(t)fi(~Ω).

Here, by definition, LK+K− = 0 because of the S-wave, and LJ/ψK+K− = 1 is the angular
momentum of the J/ψK+K− system, needed to compensate for the spin of the J/ψ vector
meson in the spinless B0

s decay.
An S-wave polarization amplitude AS has to be added to account for the non-resonant

S-wave contribution. In B0
s → J/ψK+K− decays the J/ψ meson is the only vector

meson involved in the decay, which, as a result of spin conservation, means it is necessarily
longitudinally polarized. This implies that the pure S-wave amplitude vector is written as

~S(t) = (AS(t), 0, 0) , (5.44)

in accordance with Eq. 5.17, where the first element of the vector also represents the longi-
tudinal direction.

The differential decay rate for B0
s → J/ψ φ decays, Eq. 5.22, is modified as follows to

include an S-wave component:

d4Γ
dtd~Ω

∝
∣∣∣∣( ~A(t) + 1√

3
~S(t)

)
× n̂

∣∣∣∣2 , (5.45)

where the factor 1√
3 is chosen such that the integral of the unnormalized PDF is proportional

to the sum of all amplitudes: |A0(t)|2 +|A‖(t)|2 +|A⊥(t)|2 +|AS(t)|2. When calculating the
cross product, four extra angular-dependent and time-dependent terms related to the S-wave
component are introduced which are summarized in Table 5.3 and Table 5.4, respectively.

5.6 Combining Time Dependence and Angular Depen-
dence

In the previous sections, the angular dependence and the time dependence for both the
P-wave component and the S-wave component in the signal PDF were derived. The signal
PDF is written as

d4Γ
dtd~Ω

∝
10∑
i

Ti(t|~Π) fi(~Ω) , (5.46)
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Ti(t) = Fi
(
ai cosh

(∆Γst
2
)

+ bi cos(∆mst)
+ci sinh

(∆Γst
2
)

+ di sin(∆mst)
)

i Ti(t) Fi ai bi ci di

7 |AS(t)|2 : |aS |2e−Γst

1+qTC 1 qT C D qT S

8 Re(A0(t)∗AS(t)) : Re(a∗0aS)e−Γst

1+qTC C qT 0 0
Im(a∗0aS)e−Γst

1+qTC 0 0 S −qT D

9 Re(A‖(t)∗AS(t)) : Re(a∗‖aS)e−Γst

1+qTC C qT 0 0
Im(a∗‖aS)e−Γst

1+qTC 0 0 S −qT D
10 Im(A⊥(t)∗AS(t)) : Re(a∗⊥aS)e−Γst

1+qTC 0 0 0 0
Im(a∗⊥aS)e−Γst

1+qTC 1 qT C D qT S

Table 5.4: Tabular representation of the time dependence of the four combinations of
polarization amplitudes in the signal PDF related to the S-wave component. For every i, the
time dependence is found by multiplying the factor F in the third column with the sum of
four terms, as indicated in the top row. Since the product of two time dependent polarization
amplitudes is itself an imaginary object, the three interference terms split in the sum of a
real and an imaginary part.

with ~Π the set of physics parameters, i.e. ~Π = (Γs,∆Γs,∆ms, φs, a0, a‖, a⊥, aS). Conven-
tionally, the Ti(t|~Π) are not written in terms of the real and imaginary parts of the complex
parameters aj (j ∈ (0, ‖,⊥)), but in terms of their absolute values and phases δj . The real
and imaginary part of the product of two amplitudes a∗i aj are written as

Re(a∗i aj) = Re(|ai||aj |e(i(δj−δi)) = |ai||aj | cos(δj − δi) (5.47)
Im(a∗i aj) = Im(|ai||aj |e(i(δj−δi)) = |ai||aj | sin(δj − δi) . (5.48)

As an example, the first term in the PDF, T1(t)f1(~Ω) is explicitly given here in the case
of qT = 1:

T1(t)f1(~Ω) = |a0|2e−Γst

1 + C

×
(

cosh
(

∆Γst
2

)
+ C cos(∆mst)−D sinh

(
∆Γst

2

)
− S sin(∆mst)

)
× cos2 ψ(1− sin2 θ cos2 φ) . (5.49)

All ten terms of the signal PDF are given explicitly in AppendixD, using the angular func-
tions fi(~Ω) (as given in Table 5.1 for the P-wave component and Table 5.3 for the S-wave
component) and the time-dependence of the Ti(t|~Π) (as given in Table 5.2 for the P-wave
component and Table 5.4 for the S-wave component).
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The properly normalized signal PDF PB0
s→J/ψ φ is the normalized sum of products of the

time-dependent functions Ti(t|~Π) , and angular functions fi(~Ω):

PB0
s→J/ψ φ =

∑10
i=1 Ti(t|~Π) fi(~Ω)∫ ∫ ∑10
i=1 Ti(t|~Π) fi(~Ω) dtd~Ω

. (5.50)

In the next section, finally, C, D and S are expressed in terms of the B0
s mixing phase φs.

5.7 Sensitivity to φs in B0
s → J/ψ φ decays

When deriving the angular-dependent and time-dependent terms in the B0
s → J/ψ φ signal

PDF in the previous sections a general approach was used. In this section, λJ/ψ φ = q
p

AJ/ψ φ
AJ/ψ φ

(Eq. 5.26) is explicitly calculated. The value of λJ/ψ φ is calculated by inspecting the Feyn-
man diagrams with and without B0

s mixing, as shown in Fig. 5.3.

B0
s

b

s

Vcb

V ∗
cs

W+

c

c

s

s

φ

J/ψ

B0
s

s

b

V ∗
cb

Vcs

W+

c

c

s

s

φ

J/ψ

b

WW

u,c,t

u,c,t

s

VtbV ∗
ts

Vtb V ∗
ts

(a) (b)

Figure 5.3: B0
s → J/ψ φ decay without (a) and including (b) mixing.

The expression for q/p was derived in Eq. 1.38:
q

p
= −e−iφM [1− afs

2 ] , (5.51)

using afs '
∣∣∣ Γ12
M12

∣∣∣ sinφM/Γ, where contributions of order O((Γ12/M12)2) are ignored. Since
|Γ12| � |M12|, afs is estimated to be small (afs = (2.06± 0.57) · 10−5 [19]), and therefore
the following approximation is justified:

q

p
≈ −e−iφM . (5.52)

Notice that in this approximation, |q/p| = 1. From Fig. 5.3 (b) it follows that, in the phase
convention used, φM = arg(M12) = arg[(VtbV ∗ts)2].
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In addition7,
AJ/ψ φ

AJ/ψ φ
= −ηJ/ψ φ e2iφc(cs) , (5.53)

where φc(cs) is the weak phase in the decay coming from the b→ c(cs) transition. It follows
that

∣∣∣AJ/ψ φAJ/ψ φ

∣∣∣ = 1, where it is assumed that only one single weak phase contributes to the
decay amplitude. This assumption is no longer valid when allowing for penguin contributions,
although these are expected to be small, see Sec. 5.9.

Notice the appearance of the CP eigenvalue ηJ/ψ φ that was already absorbed in the time
dependence derived in Sec. 5.4. In the phase convention used, the phase φc(cs) equals

φc(cs) = arg (VcbV ∗cs) , (5.54)

as indicated in Fig. 5.3. Combining the results for q/p (Eq. 5.52) and Af
Af

(Eq. 5.53) and
using the definition λJ/ψ φ = ηJ/ψ φλ (Eq. 5.26), it is found that

λ = e−iφM e2iφc(cs) = e−iφs , (5.55)

where φs = φM − 2φc(cs), independent of any phase convention. Notice that, using the
approximations |q/p| = 1 and

∣∣∣AJ/ψ φAJ/ψ φ

∣∣∣ = 1, also |λ| = 1, see also Sec. 6.7.
Substituting the values for φM and φc(cs) in terms of CKM matrix elements, in the SM

one finds

φs = φM − 2φc(cs)
= arg[(VtbV ∗ts)2]− 2 arg (VcbV ∗cs)

= 2 arg
(
VtbV

∗
ts

VcbV ∗cs

)
= −2βs , (5.56)

where βs is the angle in one of the Unitarity Triangles as defined in Eq. 1.118. Using
λ = e−iφs it follows that |λJ/ψ φ| = |ηJ/ψ φλ| = 1 and subsequently

D = Reλ = cosφs , C = 0 , S = Imλ = − sinφs . (5.57)

7To calculate AJ/ψ φ
AJ/ψ φ

, it is used that

Af

Af
=

〈f |H|B〉
〈f |H|B〉

=
〈f |(CP †CP )H(CP †CP )|B〉

〈f |H|B〉

= −ηf
〈f |(CP )H(CP †)|B〉

〈f |H|B〉
= −ηf e2iφW ,

using the convention CP|B〉 = −|B〉, CP|f〉 = ηf |f〉. The Hamiltonian H can be written as the sum of a
CP-conserving (so-called strong) part HS and a CP-violating (so-called weak) part HW : H = HS + HW .
In that case, (CP )HS(CP †) = HS and (CP )HW (CP †) = e2iφWHW , with φW the weak phase that flips
sign under a CP transformation and finally (CP )H(CP †) = e2iφWH.

8Eq. 1.11 defines βs ≡ arg
(
−VcbV

∗
cs

VtbV
∗
ts

)
. Equivalently, βs = arg(−1) − arg

(
VtbV

∗
ts

VcbV
∗
cs

)
. From the last

equation, one finds φs = 2 arg
(
VtbV

∗
ts

VcbV
∗
cs

)
= 2(arg(−1)− βs) = −2βs.
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Here, S, C and D do not depend on ηJ/ψ φ, as this parameter was absorbed in the time-
dependence, contrary to what is usually found in literature.

As an example, when substituting S, C and D, the first term in the signal PDF from
Eq. 5.49 becomes:

T1(t)f1(~Ω) = |a0|2e−Γst

×
(

cosh
(

∆Γst
2

)
− cosφs sinh

(
∆Γst

2

)
+ sinφs sin(∆mst)

)
× cos2 ψ(1− sin2 θ cos2 φ) . (5.58)

5.8 φM/Γ versus φs
The parameter φM/Γ was defined in Eq. 1.34 as φM/Γ = φM − arg(−Γ12) and reflects the
CP violation in mixing as can be measured via the parameter asl [14]. Alternatively, the
parameter φs = φM −2φc(cs) is sensitive to CP violation in the interference between decays
with and without mixing. This parameter can be measured using B0

s → J/ψ φ decays.
There is a relation between φs and φM/Γ that can be summarized as follows:

• φs = φM − 2φc(cs): As shown in Sec. 5.7, φs = −2βs = arg
[

(VtbV ∗ts)
2

(VcbV ∗cs)2

]
. Here, in the

convention used, φM = arg[(VtbV ∗ts)2] originates from mixing and φc(cs) is the weak
phase that originates from the calculation of AJ/ψ φAJ/ψ φ

.

• φM/Γ = φM − arg(−Γ12): In this parameter, again, φM gives rise to a phase
arg[(VtbV ∗ts)2]. The contribution of arg(−Γ12) includes all possible on-shell b→ q(qs)
transitions and thus can be written as arg(κcV ∗csVcb+κu V ∗usVub)2, with κc,u real num-
bers that represent the relative contributions of b→ c(cs) and b→ u(us) transitions,
respectively. As a result,

φM/Γ = arg
(
M12

−Γ12

)
= arg

(
(VtbV ∗ts)2

(κc V ∗csVcb + κu V ∗usVub)2

)

= arg

 (VtbV ∗ts)2

(κc V ∗csVcb[1 + κu
κc

V ∗usVub
V ∗csVcb

])2


= arg

(
(VtbV ∗ts)2

(κc V ∗csVcb[1 + κu
κc
λ2 e−iγ ])2

)
, (5.59)

where λ is the Wolfenstein parameter and γ is the phase appearing in Vub.

If, in the denominator of Eq. 5.59, (κc V ∗csVcb[1 + κu
κc
λ2 e−iγ ])2, the term proportional to λ2

is neglected, one finds φM/Γ = φM − arg(−Γ12) = φM − 2φc(cs) [19] and thus φM/Γ = φs.
Indeed, both φM/Γ and φs are expected to be small in the SM [50, 51]:

φM/Γ = (0.0041± 0.0008) rad = (0.24± 0.04)◦

φs = −2βs = −(0.036± 0.002) rad = −(2.1± 0.1)◦ .
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However, they do differ numerically, indicating that this approximation is not justified9. Any
short-distance New Physics contribution in B0

s oscillations will affect φM and thus both
φM/Γ and φs.

5.9 Penguin Contributions

In the Standard Model, using only tree-level diagrams as shown in Fig. 5.3, it was derived in
Eq. 5.56 that φSM

s = −2βs. However, loop diagrams, specifically so-called penguin diagrams
as shown in Fig. 5.4, contribute to the total b→ ccs decay amplitude:

A(b→ ccs) = VcsV
∗
cb(Tc + Pc) + VusV

∗
ubPu + VtsV

∗
tbPt

= VcsV
∗
cb(Tc + Pc − Pt) + VusV

∗
ub(Pu − Pt) , (5.60)

where, after the CKM elements have been explicitly factored out, Tc is the tree contribution
and Pi the penguin contribution with a quark i ∈ {u, c, t} in the loop. In addition, unitarity of
the CKM matrix is used: VtsV ∗tb = −VusV ∗ub−VcsV ∗cb. The second term in Eq. 5.60 is doubly
Cabibbo-suppressed with respect to the first term (|VusV ∗ub| ∼ λ4 versus |VcsV ∗cb| ∼ λ2).
The first term, proportional to VcsV ∗cb, includes both tree and penguin contributions, but
these penguin contributions have the same phase as the tree contribution and thus do not
change the value of φs.

The Cabibbo suppressed penguin contributions are difficult to calculate from QCD, but
due to their different weak phase might result in a value for sinφs as large as -0.1 [53],
compared to sinφs ∼ −0.03, assuming negligible penguin contributions. Therefore, these
penguin contributions should be measured experimentally. It has been proposed [53] to do
this by analyzing B0

s → J/ψK
∗0 decays, which are also indicated in Fig. 5.4. Applying

SU(3) flavour symmetry arguments, the decay amplitude of these decays are written in a
similar way as Eq. 5.60, replacing the quark index s by d:

A(b→ ccd) = VcdV
∗
cb(Tc + Pc − Pt) + VudV

∗
ub(Pu − Pt) . (5.61)

In this case, however, the second term, VudV ∗ub(Pu − Pt), is not Cabibbo suppressed with
respect to the first term, since both |VudV ∗ub| and |VcdV ∗cb| are of order λ3. This means
that the relative size of the first term with respect to the second term, Pu−Pt

Tc+Pc−Pt can
be determined by analyzing B0

s → J/ψK
∗0 decays. Including penguin contributions, the

parameter φs is rewritten as

φSM
s = −2βs + φSM

penguin . (5.62)

9In the B0
d-system the corresponding difference between these parameters is more pronounced: φd

M/Γ =

−5.2◦ +1.5◦
−2.1◦ [52], whereas φd = −2β = 43.7◦ 1.6◦

1.5◦ [17].
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B0
s

b

s s

d, s

K∗, φ

c

c

J/ψ

W

u,c,t
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exchange

Figure 5.4: Penguin contributions to B0
s → J/ψ φ decays and the decay B0

s → J/ψK
∗,

depending on the flavour of the outgoing quark, s or d, respectively.

5.10 New Physics Contributions
New Physics (NP) can contribute both at the decay amplitude level and to the amplitude of
B0
s oscillations [54]. At the decay amplitude level, NP effects must be small, since they have

not been observed in B0 → J/ψKS decays, for example. New Physics could still contribute
to B0

s oscillations, since heavy, virtual, NP particles can contribute to loop diagrams. This
will affectM12 and in particular φM . Including NP effects, Γ12 remains unchanged andM12
generically changes as [50]

M12 →MSM
12 ∆s = MSM

12 |∆s|eiφ
∆s

, (5.63)

where ∆s is a complex number representing the deviation factor. Accordingly, φM changes
to

φM = arg(M12)→ arg(MSM
12 ∆s) = φSM

M + φ∆s . (5.64)

Finally, the observable φs is modified as follows:

φs = φSM
s + φ∆s , (5.65)

where, as before, φSM
s = −2βs + φSM

penguin.
In the SM, ignoring penguin contributions, the value of φs is small, φs = −2βs =

−0.036 ± 0.002 [17], indicating that any significant deviation of φs from zero is a strong
indication of New Physics. This is the main motivation to measure φs. This measurement
is discussed in the following chapter.
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